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We present a method to obtain higher order integrals and polynomial al-
gebras for two-dimensional superintegrable systems from reation and anni-
hilation operators. All potentials with a seond and a third order integrals
of motion separable in Cartesian oordinates were studied. The integrals of
motion of two of them do not generate a ubi algebra. We onstrut for
these Hamiltonians a higher order polynomial algebra from the reation and
annihilation operators. We obtain quinti and seventh order polynomial alge-
bras. We give also for polynomial algebras of order 7 realizations in terms of
deformed osillator algebras. These realizations and nite dimensional uni-
tary representations allow us to obtain the energy spetrum.
1 Introdution
Over the years many artiles were devoted to superintegrability [1-12℄. In
lassial mehanis a Hamiltonian system with Hamiltonian H and integrals
of motion Xa
H =
1
2
gikpipk + V (~x, ~p), Xa = fa(~x, ~p), a = 1, ..., n− 1 , (1.1)
is alled ompletely integrable (or Liouville integrable) if it allows n inte-
grals of motion (inluding the Hamiltonian) that are well dened funtions
on phase spae, are in involution {H,Xa}p = 0, {Xa, Xb}p = 0, a,b=1,...,n-1
and are funtionally independent ({, }p is a Poisson braket). A system is su-
perintegrable if it is integrable and allows further integrals of motion Yb(~x, ~p),
{H, Yb}p = 0, b=1,...,k that are also well dened funtions on phase spae
and the integrals{H,X1, ..., Xn−1, Y1, ..., Yk} are funtionally independent. A
1
system is maximally superintegrable if the set ontains 2n-1 funtions suh
integrals. The integrals Yb are not required to be in evolution withX1,...Xn−1,
nor with eah other. The same denitions apply in quantum mehanis but
{H,Xa, Yb} are well dened quantum mehanial operators, assumed to form
an algebraially independent set. Superintegrable systems in lassial and
quantum mehanis possess many properties. These systems appear to be
important from the point of view of mathematis and physis. One of their
interesting property are their nonabelian algebrai struture generated by
their integrals of motion. This algebrai struture an be a nite dimensio-
nal Lie algebra [1,2,3℄, a Ka-Moody algebra [13℄ or a polynomial algebra
[14,15,16℄. These polynomial algebras were related to deformed osillator al-
gebras and parafermioni algebras. Superintegrable systems are also related
to systems studied in supersymmetri quantum mehanis [17-25℄. Super-
symmetry in quantum mehanis allows us to obtain the wave funtions and
the energy spetrum.
This artile follows a series of artiles [26,27,28,29,30,31℄ devoted to super-
integrable systems in lassial and quantum mehanis with third order in-
tegrals. In two-dimensional Eulidean spae E2 there are fourteen quantum
systems with a seond and a third order integrals [27℄. These systems were
investigated from the point of view of ubi algebras and supersymmetri
quantum mehanis [30,31℄. The Hamiltonians and the integrals of motion
were of the following form
H =
P 2x
2
+
P 2y
2
+ g1(x) + g2(y) , (1.2)
A =
P 2x
2
−
P 2y
2
+ g1(x)− g2(y) , (1.3)
B =
∑
i+j+k=3
Aijk{L
i
3, p
j
1p
k
2}+ {l1(x, y), p1}+ {l2(x, y), p2} , (1.4)
where {, } is an antiommutator, L3 = xP2 − yP1 is the angular momentum
and [H,A℄=[H,B℄=0. The onstants Aijk and funtions l1 and l2 are known
[27℄.
We onsidered the most general ubi algebra generated by the integrals
[A,B] = C (1.5a)
[A,C] = αA2 + β{A,B}+ γA+ δB + ǫ (1.5b)
2
[B,C] = µA3 + νA2 − βB2 − α{A,B}+ ξA− γB + ζ . (1.5)
where α, β, γ, δ, ǫ, ξ, ν and ζ are polynomials in H. We onstruted realiza-
tions in terms of deformed osillator algebras and found Fok type represen-
tations [29,30℄. For twelve ases, the ubi algebra belongs in the following
partiular ase
[A,B] = C, [A,C] = δB, [B,C] = µA3 + νA2 + ξA+ ζ . (1.6)
There are 6 irreduible (i.e. the third order integral is not a onsequene of
lower order one) quantum superintegrable Hamiltonians with a seond and
a third order integrals separable in Cartesian oordinates written with a ra-
tional funtion :
Potential 1. V = ~2[x
2+y2
8a4
+ 1
(x−a)2
+ 1
(x+a)2
]
Potential 2. V = ω
2
2
(9x2 + y2)
Potential 3. V = ω
2
2
(9x2 + y2) + ~
2
y2
Potential 4. V = ~2[9x
2+y2
8a4
+ 1
(y−a)2
+ 1
(y+a)2
]
Potential 5. V = ~2( 1
8a4
[(x2 + y2) + 1
y2
+ 1
(x+a)2
+ 1
(x−a)2
]
Potential 6. V = ~2[ 1
8a4
(x2 + y2) + 1
(y+a)2
+ 1
(y−a)2
+ 1
(x+a)2
+ 1
(x−a)2
] .
The integrals A,B,C respetively of order 2,3 and 4 of the Potential 5 and
6 do not generate a ubi algebra [30℄. We studied these six potentials from
the point of view of supersymmetri quantum mehanis (SUSYQM) and
obtained the ladder operators, wave funtions and energy spetrum.
Let us present the organization of this paper. In Setion 2, we will show
how we an generate higher order integrals and a polynomial algebras for
two-dimensional Hamiltonians onstruted from two one-dimensional Hamil-
tonians and their reation and annihilation operators. We present the poly-
nomial algebra for two ases. In Setion 3, we apply the results of Setion
2 to the Smorodinsky-Winternitz potential and the Potential 5 and 6. The
method presented in Setion 2 an also be used to generate new superinte-
grable systems from known one-dimensional Hamiltonians for whih reation
and annihilation operators polynomial in momenta exist. We generalize the
potential with a fourth Painlevé transendent given by Eq.(1.10) and also
onstrut its polynomial algebra with the results of Setion 2. These results
extend the number of known superintegrable systems involving the Painlevé
transendents. In Setion 4, we give for a lass of polynomial algebras of or-
3
der 7 the realizations in terms of deformed osillator algebras. In Setion 5,
we use the results of Setion 3 and 4 to obtain the Fok type unitary repre-
sentations and the orresponding energy spetrum of the Potential 5 and 6.
2 Polynomial algebras
Let us onsider a two-dimensional Hamiltonian separable in Cartesian
oordinates
H(x, y, Px, Py) = H1(x, Px) +H2(y, Py), (2.1)
for whih reation and annihilation operators Ax, A
†
x, Ay and A
†
y (polyno-
mials in momenta) exist. These operators satisfy the relations
[H1, A
†
x] = λxA
†
x, [H2, A
†
y] = λyA
†
y . (2.2)
The following operators
f1 = A
†m
x A
n
y , f2 = A
m
x A
†n
y , (2.3)
ommute with the Hamiltonian H given by Eq.(2.1)
[H, f1] = [H, f2] = 0, (2.4)
if
mλx − nλy = 0, m, n ∈ Z
+ . (2.5)
Creation and annihilation operators allow to onstrut polynomial integrals
of motion. The following sums are also polynomial integrals that ommute
with the Hamiltonian H
I1 = A
†m
x A
n
y −A
m
x A
†n
y , I2 = A
†m
x A
n
y + A
m
x A
†n
y . (2.6)
The order of these integrals of motion depends of the order of the reation
and annihilation operators. The separation of variable in Cartesian oordi-
nates implies the existene of a seond order integral K = Hx − Hy. The
reation and annihilation operators an also provide a method to determine
4
the polynomial algebra of the two-dimensional superintegrable systems gi-
ven by Eq.(2.1). We require that operators Ax and A
†
x satisfy these further
relations
[Ax, A
†
x] = P (Hx) = Q(Hx + λx)−Q(Hx), (2.7)
[Ay, A
†
y] = R(Hy) = S(Hy + λy)− S(Hy), (2.8)
where P (Hx) is of order nx and Q(Hx) is of order nx + 1 and R(Hy) is of
order ny and S(Hy) is of order ny + 1. The algebras given by Eq.(2.7) and
(2.8) are deformed osillator algebras. They an be interpreted polynomial
superalgebras i.e. {Ax, A
†
x} = Q(Hx + λx) +Q(Hx).
2.1 Case λx = λy = λ
We onsider the ase
λx = λy = λ, (2.9)
and we take the following linear ombination
A = 2(Hx −Hy), I1 = (A
†
xAy − AxA
†
y), I2 = 4λ(A
†
xAy + AxA
†
y). (2.10)
We use the integrals given by Eq.(2.10) to onstrut polynomial algebras of
the Hamiltonian given by Eq(2.1).
[A, I1] = I2, [A, I2] = 16λ
2I1, (2.11)
[I1, I2] = 8λ(Q(
1
2
(H +
1
2
A))S(
1
2
(H −
1
2
A) + λ)
−Q(
1
2
(H +
1
2
A) + λ)S(
1
2
(H −
1
2
A)).
The order of this polynomial algebra depends of the order of the polynomial
Q and S. An example of suh onstrution was used write the angular momen-
tum algebra as two independent harmoni osillators [32℄. The onstrution
of integrals of motion from reation and annihilation operators was disus-
sed in earlier artiles for spei examples : The two-dimensional harmoni
osillator [33℄, the three dimensional harmoni osillator and the hydrogen
atom [34℄, the Smorodinsky-Winternitz potentials [6,35℄ and the anisitropi
osillator in Ref.36.
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2.2 Case
λx
λy
= 1
2
We onsider the ase
2λx = λy = λ , (2.12)
and take the following integrals
A = 2(Hx −Hy), I1 = (A
†2
x Ay − A
2
xA
†
y), I2 = 4λ(A
†2
x Ay + A
2
xA
†
y). (2.13)
The polynomial algebra is thus
[A, I1] = I2, [A, I2] = 16λ
2I1, (2.14)
[I1, I2] = 8λ(Q(
1
2
(H +
1
2
A)− λx)Q(
1
2
(H +
1
2
A))S(
1
2
(H −
1
2
A) + λy)
−Q(
1
2
(H +
1
2
A) + 2λx)Q(
1
2
(H +
1
2
A) + λx)S(
1
2
(H −
1
2
A)).
The order of this polynomial algebra depends of the order of polynomials Q
and S. Polynomial algebra given by Eq.(2.11) amd Eq.(2.14) have a similar
struture as the ubi algebra given by Eq.(1.9).
3 Appliations
There are two Smorodinsky-Winternitz potentials [6℄ that allow sepa-
ration of variables of the Shrödinger equation in Cartesian oordinates :
V (x, y) = ω
2
(x2+y2)+ b
x2
+ c
y2
and V (x, y) = ω
2
2
(4x2+y2)+ bx+ b
c2
. They are
well known quadratially superintegrable systems and we apply the onstru-
tion to these two systems. They have in the y axis the following reation
operators
A†x = −
1
4
(
~
ω
d2
dx2
− 2x
d
dx
+
ω
~
x2 −
2b
ω~x2
− 1). (3.1)
It was rst obtained in Ref. 6 and reobtained in a systemati study of sys-
tems with seond order ladder operators [37℄. The three other reation and
annihilation operators have the same form. The polynomial Q(Hx) is given
by
Q(Hx) =
1
4~2ω2
H2x −
1
2~ω
Hx + (
3
16
−
b
2~2
), (3.2)
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The polynomial S(Hy) is also given by the Eq.(3.2) (by replaing Hx by Hy
and b by c). We an form with Q(Hx), S(Hy), Eq.(2.10) and (2.11) the in-
tegrals and the polynomial algebra. In the two ases the polynomial algebra
is a ubi algebra where the generators are seond, third and fourth order
operators. Hovewer, we an form a simpler algebrai struture for these Ha-
miltonians, a quadrati algebra where the generators are two seond order
and one third order operator [16℄. The integrals obtained from the onstru-
tion of Setion 2 are not neessarily the integral of the lowest possible order.
3.1 Systems with a third order integral
We onsidered well known quadratially superintegrable systems. We will
apply the method to Potential 1, 5 6 and present their integrals and polyno-
mial algebras. The rst system that we onsider is the following [27,30℄
H =
1
2
P 2x +
1
2
P 2y + ~
2(
x2 + y2
8a4
+
1
(x− a)2
+
1
(x+ a)2
) . (3.3)
The reation operators are given by
A†x =
~
2
4a2
(−
d
dx
−
1
2a2
x+(
1
x− a
+
1
x+ a
))(x−2a2
d
dx
)(
d
dx
−
1
2a2
x+(
1
x− a
+
1
x+ a
)),
(3.4)
A†y =
~
2a2
(y − 2a2
d
dy
) . (3.5)
We onstrut the known integral B of order 3 [27,30℄ from Eq.(2.10) (B =
I ′1 =
−2a2i
~
I1). We have λ =
~2
2a2
. The deformed osillator algebras in the x
and y axis are given by Eq.(2.7) and (2.8) with the following expressions
Q(Hx) = 2H
3
x −
7
2
~
2
a2
H2x +
7~4
8a4
Hx +
15~6
32a6
, (3.6)
S(Hy) = 2Hy −
~
2
2a2
.
We get from the Eq.(2.11) of the previous setion and Eq.(3.6) the following
ubi algebra that oinide with the one found in Ref. 30.
[A, I ′1] = I
′
2, [A, I
′
2] =
4h4
a4
I ′1, (3.7)
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[I ′1, I
′
2] = −2~
2A3 − 6~2A2H + 8~2H3 + 6
~
4
a2
A2 + 8
~
4
a2
HA
−8
~
4
a2
H2 + 2
~
6
a4
A− 2
~
6
a4
H − 6
~
8
a6
.
The energy spetrum was alulated from the Fok type unitary representa-
tions [30℄. In Setion 4, we will extend this algebrai method of alulating
the energy spetrum of superintegrable systems with a polynomial algebra
of order seven.
3.2 Potential 6
The next system that we onsider is an Hamiltonian for whih no polyno-
mial algebra were found from the seond and third order integrals of motion.
We will show how the proedure of Setion 2 will allow us to nd a quinti
algebra. The Hamiltonian
H =
1
2
P 2x +
1
2
P 2y + ~
2(
x2 + y2
8a4
+
1
(x− a)2
+
1
(x+ a)2
+
1
(y − a)2
+
1
(y + a)2
),
(3.8)
has the following seond order integral A = Hx−Hy and third order integral
B = 2L3−3α2({L, P 2x}+{L, P
2
y })+
~
2
4
{(124y+3(
y
a2
)(x2+y2)+24y
(x2 − 5y2)
(y2 − a2)
(3.9)
−
144yx2
x2 − a2
+ 24y
(3x2 − y2)(x2 + a2)
(x2 − a2)2
+ 48y
(y2 − x2)(y2 + a2
(y2 − a2)
, Px}
−
~
2
4
{(124x+ 3(
x
a2
)(y2 + x2) + 24x
(y2 − 5x2)
(x2 − a2)
−
144xy2
y2 − a2
+24x
(3y2 − x2)(y2 + a2)
(y2 − a2)2
+ 48x
(x2 − y2)(x2 + a2
(x2 − a2)
, Py}.
The reation operators are given by Eq.(3.4) in the x and y axis (by replaing
x by y). The polynomial algebras in the x and y axis are given by Eq.(2.7)
and (2.8) with Q(Hx) and S(Hy) given by Eq.(3.6) (by replaing Hx by Hy
for S(Hy)). We have λ =
~2
2a2
. The integrals of motion are given by Eq.(2.10)
8
(I ′1 =
−2a2i
~
I1). Thus, we obtain with the Eq.(2.11)
[A, I ′1] = I
′
2, [A, I
′
2] =
4~4
a4
I ′1 (3.10)
[I ′1, I
′
2] = −
3
16
~
2A5 +
3
2
~
2A3H2 −
2~4
a2
A3H − 3~2AH4 +
8~4
a2
AH3
+
19~6
8a4
A3 −
13~6
2a4
AH2 −
99~10
16a8
A+
6~8
a6
AH.
The integrals I ′1 is related to integrals A, B and C by
I ′1 =
−1
384~2
[A,C] +
3~2
32a4
B. (3.11)
3.3 Potential 5
The Hamiltonian
H =
1
2
P 2x +
1
2
P 2y + ~
2(
x2 + y2
8a4
+
1
(x+ a)2
+
1
(x− a)2
+
1
y2
) , (3.12)
has a quadrati A = Hx −Hy and a ubi integrals
B = 2L3−3a2{L, Py}+~
2{
3
4a2
−
6y3(x2 + a2)
(x2 − a2)2
−
3(x2 − a2)
y
−2y, Px} (3.13)
3~2{x(
(x2 − 3a2)
y2
−
(3y2 − 8a2)
12a2
−
2y2
x2 − a2
+
4y2(x2 + a2)
(x2 − a2)2
, Py}.
The integral A,B and their ommutator C do not generate a ubi algebra.
We will onstrut other integrals of motion from the reation and annihilation
operators. The reation operators are given by Eq.(3.1)(by replaing x by y
and ω by a) and (3.4). We have in the x and y axis polynomial algebras given
by Eq.(2.7) and (2.8) with λ = ~
2
a2
and
Q(Hx) = 2H
3
x −
7
2
~
2
a2
H2x +
7~4
8a4
Hx +
15~6
32a6
, (3.14)
S(Hy) =
a4
~4
H2y −
a2
~2
Hy −
5
16
.
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We obtain with the Eq.(2.14) and (3.31) the following polynomial algebra
with integrals given by Eq.(2.10)( I ′1 = a
2I1)
[A, I ′1] = I
′
2, [A, I
′
2] =
16~4
a4
I ′1, (3.15)
[I ′1, I
′
2] =
75~14
64a10
−
275H~12
64a8
−
3H2~10
16a6
+
261H3~8
16a4
−
75H4~6
4a2
+
15H5~4
4
+3a2H6~2−
a4A7
64
−a4H7+A6(
7a2~2
64
−
7a4H
64
)+A5(−
3
16
H2a4+
9
16
H~2a2−
25~4
64
)
+A4(
45~6
64a2
−
85H~4
64
+
5
16
a2H2~2+
5a4H3
16
)+A3(
21~8
64a4
+
5H~6
8a2
+
15H2~4
8
−
5
2
a2H3~2
+
5a4H4
4
)+A2(−
127~10
64a6
+
239H~8
64a4
−
85H2~6
8a2
+
95H3~4
8
−
15
4
a2H4~2+
3a4H5
4
)
+A(
5~12
64a8
−
35H~10
16a6
+
229H2~8
16a4
−
55H3~6
2a2
+
55H4~4
4
+ a2H5~2 − a4H6) .
The integral I ′1 is of order 7 and the integral I
′
2 is of order 8.
4 Realizations of polynomial algebras
In the previous Setion, we generated polynomial algebras of many sys-
tems. These algebras were ubi, quinti and seventh order algebras. In earlier
artiles it was demonstrated that quadrati [16℄ and ubi [30℄ algebras an
be realized as deformed osillator algebras [38℄. Deformed osillator algebras
allow to onstrut Fok type representations and obtain the energy spe-
trum. We will show that we an onstrut similar realizations. We onsider
the following polynomial algebra of order seven
[A,B] = C, [A,C] = δB,
[B,C] = mA7 + nA6 + µA5 + νA4 + αA3 + βA2 + γA+ ǫ . (4.1)
where A and B are integrals and thus ommute with the Hamiltonian H .
The struture onstants m, n, µ, ν, α, β, γ and ǫ are polynomials of the Ha-
miltonian. We do not impose a order to these polynomials and only make the
hypothesis that integrals generate an algebra of the form given by Eq.(4.1).
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The Casimir operator satises
[K,A] = [K,B] = [K,C] = 0, (4.2)
and this implies
K = C2 − δB2 +
m
4
A8 +
2
7
nA7 + (
µ
3
+
7
6
δm)A6 + (
2
5
ν + δn)A5 (4.3)
+(
α
2
+
5
6
δµ−
7
12
δ2m)A4 + (
2
3
β +
2
3
δν −
1
3
δ2n)A3
+(
δα
2
−
1
6
δ2µ+ γ +
1
6
δ3m)A2 + (2ǫ+
1
3
δβ +
1
21
δ3n−
δ2ν
15
)A.
The order of the Casimir operator depends of the order of A and B. Ultima-
tely, the Casimir operator is written in terms of the Hamiltonian. There is a
realization in terms of deformed osillator algebras of the form
A = δ(N + u), B = b† + b, (4.4)
where u is an arbitrary onstant. Where {N, b, b†} satisfy
[N, b] = −b, [N, b†] = b†, bb† = Φ(N + 1), b†b = Φ(N). (4.5)
With the third relation of the seventh order algebra given by Eq.(4.1) and
the Casimir operator given by Eq.(4.3) we nd
Φ(N) =
m
16
δ3(N+u)8+(
nδ
5
2
14
−
mδ3
4
)(N+u)7+(
µδ2
12
+
7
24
mδ3−
nδ
5
2
4
)(N+u)6
(4.6)
+(
νδ
3
2
10
−
µδ2
4
+
1
4
nδ
5
2 )(N + u)5 + (
αδ
8
+
5µδ2
24
−
νδ
3
2
4
−
7
48
δ3m)(N + u)4
+(
βδ
1
2
6
+
νδ
3
2
6
−
αδ
4
−
1
12
δ
5
2n)(N+u)3+(
δα
8
−
δ2µ
24
+
γ
4
−
βδ
1
2
4
+
1
24
δ3m)(N+u)2
+(
ǫ
2δ
1
2
+
δ
1
2β
12
−
γ
4
−
1
84
δ
5
2n−
1
60
δ
3
2 ν)(N + u)−
ǫ
4δ
1
2
−
K
4δ
.
To obtain unitary representations we should impose three onstraints on the
struture funtion
Φ(p+ 1, ui, k) = 0, Φ(0, u, k) = 0, φ(x) > 0, ∀ x > 0 . (4.7)
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5 Potential 5 and 6
The Eq.(4.6) gives the struture funtion in terms of the parafermio-
ni number N and the struture onstants. The three onditions given by
Eq.(4.7) provide a method to obtain the energy spetrum. From the results
of Setion 4 and 3, we an found the unitary representations and the orres-
ponding energy spetrum for the Potential 5 and 6.
5.1 Potential 6 and quinti algebras
The algebra of Potential 6 is given by the Eq.(3.10) is a partiular ase
of the one given by the Eq.(4.1). The struture onstant are
δ =
4~4
a4
, µ = −
3~2
16
, ν = β = ǫ = 0, (5.1)
α =
3
2
~
2H2+
2~4
a2
H+
19~6
8a4
, γ = −3~2H4+
8~4
a2
H3−
13~6
2a4
H2+
6~8
a6
H−
99~10
16a8
.
This quinti algebra is generated by integrals A, I ′1 and I
′
2 respetively of
order 2, 5 and 6. We an write the Casimir operator given by Eq.(4.3) as a
polynomial of the Hamiltonian only
K = −4~2H6 +
16~4
a2
H5−
5~6
a4
H4−
40~8
a6
H3 +
141~10
4a8
H2 +
9~12
a10
H −
135~14
16a12
.
(5.2)
We an found with the Eq.(4.6) the struture funtion and fatorize it in the
following way
Φ(x) =
−~10
4a8
((x+ u)− (
a2E
~2
−
3
2
))((x+ u)− (
−a2E
~2
−
1
2
)) (5.3)
((x+ u)− (
a2E
~2
−
1
2
))((x+ u)− (
−a2E
~2
+
3
2
))
((x+ u)− (
a2E
~2
+
3
2
))((x+ u)− (
−a2E
~2
+
5
2
)).
To obtain unitary representations we should impose three onstraints given
by Eq.(4.7). There are four solutions for a = ia0. ∈ R. Let us present these
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unitary representations with the orresponding onstant u and energy spe-
trum :
Case with u1 =
a2E
~2
+ 3
2
E1 =
~
2(p+ 3)
2a20
, (5.4)
Φ1(x) =
~
10
4a80
x(x+ 2)(x+ 3)(p+ 4− x)(p+ 3− x)(p+ 1− x). (5.5)
Case with u2 =
a2E
~2
− 1
2
E2 =
~
2(p+ 1)
2a20
, (5.6)
Φ3(x) =
~
10
4a80
x(x− 2)(p+ 4− x)(p+ 3− x)(p+ 1− x), p = 0, 1. (5.7)
Case with u3 =
a2E
~2
− 3
2
E3 =
~
2(p)
2a20
, (5.8)
Φ3(x) =
~
10
4a80
x(x− 3)(p+ 1− x)(p+ 3− x)(p+ 4− x), p = 0, 1, 2. (5.9)
E4 =
~
2(p− 3)
2a20
, (5.10)
Φ4(x) =
~
10
4a80
x(x− 3)(p+ 1− x)(p− 2− x)(p− x), p = 0, (5.11)
We must also exlude spurious states with other onditions. One of them
onsists in E ≥ min V . We have unitary representations valid only for p=0,
p=0,1 and p=0,1,2. Suh solutions were also found in the ontext of ubi
algebras. This phenomenon is related to zero modes, singlet state, doublet
states and higher order supersymmetri quantum mehanis [30,31℄. A singlet
state is annihilated by the annhilation and reation operators. The energy
spetrum is onrmed by the results obtained from supersymmetri quantum
mehanis.
There is one solution for the ase a ∈ R with u = −a
2E
~2
+ 5
2
. The unitary
representation is
E1 =
~
2(p+ 5)
2a2
, p ≥ 3, (5.12)
Φ1(x) =
~
10
4a8
x(p + 1− x)(x+ 3)(p+ 4− x)(p + 2− x). (5.13)
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5.2 Potential 5 and polynomial algebras of order 7
The algebra of the Potential 5 is given by (3.15). This ase belongs to the
one given by Eq.(4.1). The struture onstants are obtained by omparing
the Eq.(3.15) and (4.1).
This seventh order algebra is generated by integrals A, I ′1 and I
′
2 respetively
of order 2, 7 and 8. The Casimir operator given by Eq.(4.3) an be written
as a funtion of the Hamiltonian only
K = a4H8 − 4a2~2H7 + 3~4H6 +
15~6
a2
H5 −
453~8
8a4
H4 (5.14)
+
261~10
4a6
H3 −
133~12
16a8
H2 −
275~14
16a10
H +
1425~16
256a12
.
The Eq.(4.6) give us the struture funtion and we an fatorize it in the
following way
Φ(x) = (
4~12
a8
)(x+ u− (−
1
4
−
a2E
2~2
))(x+ u− (−
1
4
+
a2E
2~2
)) (5.15)
(x+u−(
1
4
−
a2E
2~2
))(x+u−(
3
4
−
a2E
2~2
))(x+u−(
5
4
−
a2E
2~2
))(x+u−(
5
4
−
a2E
2~2
))
(x+ u− (
5
4
+
a2E
2~2
))(x+ u− (
7
4
−
a2E
2~2
)).
Let us present the solutions for the ase a = a0i, a0 ∈ R.
There is two solutions for u = 5
4
+ a
2E
2~2
E1 =
~
2(5 + 2p)
2a20
, Φ1(x) = (
~
12
4a80
)x(p+1−x)(2p+3−2x)(2p+5−2x)2 (5.16)
(p+ 2− x)(p + 3− x)(3 + 2x).
E2 =
~
2(1 + p)
a20
, Φ2(x) = (
~
12
4a80
)(3 + 2p− 2x)(5 + 2p− 2x)2 (5.17)
(p+ 1− x)(p+ 2− x)(p+ 3− x)(−3 + 2x)
The representation Φ2(x) is valid for p=0. We onrmed these energy levels
with the results obtained using the separability in Cartesian oordinates and
the SUSYQM.
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There is one solution for the ase a ∈ R. For u = 2− a
2E
~2
we get
Φ1(x) = (
~
12
4a8
)x(p+ 1− x)(x+
1
2
)2(x+
3
2
)(x+ 2)(p+
5
2
− x), (5.18)
E1 =
~
2(p+ 3)
a2
. (5.19)
6 Conlusion
In this artile, we have showed how we an onstrut integrals of mo-
tion for two-dimensional Hamiltonians of the form given by Eq.(2.1) from
the reation and annihilation operators of one-dimensional Hamiltonians Hx
and Hy. We onstrut from these integrals of motion higher order polynomial
algebras. We presented the algebras for two ases : λx = λy and 2λx = λy.
These polynomial algebra are given by the Eq.(2.11) and(2.14). These re-
sults, we explained the partiular form of the ubi algebra obtained in Ref.
30 and given by Eq.(1.6).
One important result of this artile is the onstrution of higher polyno-
mial algebra for the Potential 5 and 6. They are respetively seventh order
and quinti algebras. The quantum ase appears to be more riher than the
lassial one in terms of algebrai strutures. The integrals of motion of all
lassial superintegrable systems with a seond and a third order integral in
E2 generate ubi Poisson algebra [28℄.
We have also studied the realization in terms of deformed osillator algebras
of a lass of polynomial algebras of the seventh order. These results allowed
us to obtain the struture funtion for the Potential 5 and 6 and to obtain
unitary representations with their orresponding energy spetrum. We o-
robored these results with those obtained by the means of supersymmetri
quantum mehanis [30℄.
These results an be generalized in higher dimensions. The method of the
Setion 2 an also be used to generate new superintegrable systems from
known one-dimensional systems.
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